Chapter 10—Hypothesis Testing

Definition: A statistical hypothesisis a statement or claim regarding a populatioaupater
(e.g.,u=500).

To determine the truth or falsity of a statistibgpothesis with 100% accuracy, you would need
to examine the entire population. But, that ispmgsible because it would take too much time
and cost too much to look at all the observatiore population.

In practice, we take a sample and use the infoomaiti the sample to decide whether we believe
the hypothesis.

Definition: Statistical testis a statistical procedure or decision rule thatk to establishing
the truth or falsity of a statistical hypothesis.

Definitions: Thenull hypothesisdenoted K (read “H-naught”), is a statement to be tested
(e.g., B: p=500 hours). The null hypothesis is assumed tnik evidence indicates
otherwise.

Thealternative hypothesis,denoted H (read “H-one”), is what is considered to be triuthé
null hypothesis is rejected (Hpz 500 hours). The alternative hypothesis is thencliat we
seekevidence fol

Steps in Hypothesis Testing (p. 454)

1) A claim is made about a population parametep>s>>>>>>> | Satistical hypothesis is stated.

2) Evidence (sample data) is collected to testlhien. >>>>>>>> | Random sample is drawn.

3) The data are analyzed in order to support atedhe claim. >> | Satistical test is applied.




The Logic of Hypothesis Testing (pp. 462-65)

Problem—The packaging on a lightbulb states that the bullkdagt 500 hours under normal
use. A consumer advocate would like to know ifriiean lifetime of a bulb is less than 500
hours (a claim regarding the population mean).ardom sample of n=49 lightbulbs is burned
to determine how long a lightbulb lasfsssume we know the population standard deviati@n is
=42,

Ho: 1 =500 hours versus 1H1 <500 hours
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If x =494, then the sample mean is one standard deviatiow&00 (the claim regarding the
population mean).

«  P(X <494 =0.1587, which would happen 16% of the time under H

* Inthis case, we do not rejddp.

* Note: We would only reject Hn the event of obtaining an “unusual” sample. (iee
sample that occurs with low probability under thél hypothesis).

If x=476, then the sample mean is four standard deviatetesv 500.
« P(X <476 =00, which says there is essentially no chance ofrima sample mean of

476 when H is true.

* Inthis case, we would rejettte null hypothesis.

* Inthis case, we are inclined to believe that tn@@e mean came from a population
whose mean is less than 500 (draw this distributiothe graph above).

Logic of hypothesis testing (pp. 462-65)We reject the null hypothesis if the sample mean
“too many” standard deviations away from the nyfpdthesis (H) (i.e., an unusual event that
happens <5% of the time).
Or, stated another way, if the sample data resudtstatistic k) that is not likely under the
assumption that the null hypothesis is true, weatehe null hypothesis.
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Important points to remember about hypothesis test¢refer back to these points after you
have worked some hypothesis-test problems):

1. A statistical hypothesis ALWAYS includegarameter (e.g., H: ©=500), and never a
statistic (x).

2. The null hypothesis (or simply hypothesis) ALWAYi®iudes arequals sign(=).
3. In a hypothesis test, we ALWAYS begin the test agag the null hypothesis is true.
4. The claim we seek evidence for is the alternatiymothesis.

5. The alternative hypothesis includes <, >#ar Look for key phrases in the claim. For
example, “more than” means >; “different from” mesiy and “less than” means <.

6. The alternative hypothesis can be one-tailed ortailed.

One-tailed— Left-tailed
(Hi: pu<500)

Right-tailed
(Hy: 1>500)

Two-tailed (Hi: p 500)

7. If you are unsure whether to use a one-tailed ortailed hypothesis test, ALWAYS use
a two-tailed test.

8. a = significance level = probability of a Type | err(reject a true bj
= probability of a Type Il error (do not rejectadse H)

9. When testing a statistical hypothesis, there isaga possibility that your conclusion
will be wrong (Type | error or Type Il error). Antb make matters worse, you won't
know whether you are wrong or not.

10.You cannever say the null hypothesis is TRURInless you have access to all the
population data (and that never occurs). Rathersay wealo not rejectthe null
hypothesis.

11. A significant result occurs when you reject the null hypothesis.

12.P-value is the probability that the test statittkes a value equal to or more extreme than
the value actually observed (in both directionsafdwo-tail test), assumingohb true.

13.A “large” P-value is evidence forgind a “small” P-value is evidence against H

14. An extremely small P-valug(<0.01)means that blis strongly rejected or the result is
highly statistically significant.



Three approaches are available for testing a statisal hypothesis:

1) Classical
2) P-Value
3) Confidence-Interval

The approaches will be illustrated below. For eagproach you will find a “template” that
shows the 4 steps of a hypothesis test and an dgalinptrating the application of the

hypothesis test. In the case of the P-value appra explanation is provided of how to use
Excel to find P-values.



Classical Method using the Z-Distribution—Hypothess Test Regardingu with ¢ Known

Assumptions
» The sample is obtained using simple random sampling
* The population, from which the sample is drawmasmally distributed or the sample
size, n, is “large” (n30).

Step 1: A claim is made regarding the population mganThe null and alternative hypotheses
can be structured in three ways:

Two-Tailed Left-Tailed Right-Tailed
Ho: M =Ho Ho: M= Ho Ho: M= Ho
Hii p# Ho Hii M < Mo Hi B> Ho

H<Ho OF U>o

Step 2: Select devel of significance a, which is generally chosen to be 0.10, 0.05, 01 0.
The significance level is used to determinedhcal value. Critical value is the Z-value that
separates the rejection and nonrejection regiofiserejection region (or critical region) is the
set of all values of the test statistic (definegdtep 3) such that the null hypothesis is rejected.

Two-Tailed

Left-Tailed Right-Tailed

criticallvalue

critical value

critical value

2 0 o z ek 0 z 1 g z

rejection region | nonrejection region | rejection region rejection region| nonrejection region nanrejection region ‘re\ect\nn region

Step 3: Calculate theest statistic or calculated Z-value

Z - ;_ /’lO
7
Jn
The test statistic (Z) measures the number of stahdeviations that the actual sample mean,
is from the assumed population meag,

Step 4: Draw a conclusion:

» Compare the calculated Z-value (or test statistiche critical Z-value and state whether
or not H is rejected at the specified

Two-Tailed Left-Tailed Right-Tailed

IfZ<_Z% o Z>Z% If Z<-z, reject If Z >z, reject
reject the null hypothesis thenull hypothesis.  thenull hypothesis.

* Interpret the conclusion in the context of the peob
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Classical Method using the Z-Distribution—Hypothess Test Regardingu with ¢ Known

Problem: A feed dealer buys 20% protein feed from a feedufacturer andesellsthe feed to
local ranchers. The feed dealer is interestedh@tking to make certain that the feed does not
average less than 20% protein. Carry out a hygathest of the relevant null hypothesis at the
5% significance level. Show all of your calculasoand justify your conclusion.

Step 1: Null and Alternative Hypotheses:

Ho: = 20% protein
Hi: p<20% protein

Step 2: Selecin = 0.05 and find the critical value of Z.

Left-Tailed Test

calculated Z-value

critical Zvalue
=005 /

) r'd
-2.16¢ -1 45 0 z

relection region
-—

Step 3 Draw a random sample of n=10 bags of feed alulicte the test statistic, Z. Assume
we know the population standard deviation+§€.19.

Protein content of 10
bags of feed (%)
X
19.60
19.95 _
2015 Z — (X_/JO) - (1987_20) _ - 013 _

= =-2164
19.90 g 019 0.060

20.00 \/ﬁ @

19.82
19.85
20.04
19.79
19.60

x =1987

Step 4: Conclusion—Because the calculated Z = -2.16dds than the critical z = -1.645 (and
in the rejection region), rejectotdt the 0.05 significance level. The mean proteiel of the
feed is significantly less than 20%.



P-Value Method using the Z-Distribution—HypothesisTest Regardingp with ¢ Known

Assumptions
* The sample is obtained using simple random sampling
* The population, from which the sample is drawmasmally distributed or the sample
size, n, is “large” (n30).

Step 1: A claim is made regarding the population mganThe null and alternative hypotheses
can be structured in three ways:

Two-Tailed Left-Tailed Right-Tailed
Ho: M= Mo Ho: M= Mo Ho: M= Mo
Hii W # Ho Hi: b <o Hi: p> o

H<Ho O P>o
Step 2: Select devel of significance a.

;O_IUO

7

P-valueis the probability of observing a test statissocextreme or more extreme than the one
observed under the assumption that the null hypathge TRUE (for a two-tailed testreme
includes both directions).

Step 3: Calculate theest statistic Z, = , and determine thie-value using Table Il or

Excel (see backside of this page).

Two-Tailed Left-Tailed Right-Tailed

Prvalue=2P E{Z) Pvalue=PZ>Zy)

Pvalue=P{Z=<Z)

IThe area right of Zy
is_the P-value.

The sum of the area in The area left of 7y
the tails is the P-value is tha Pvalue.

o Ho
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R o 7l
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Step 4: Draw a conclusion:

» Compare the calculated P-value to the significdeeel and state whether or nog I8
rejected at the specified

If P-value >o, do not reject bl ***Note that this decision rule applies to
If P-value <a, reject K one-tailed and two-tailed tests.

* Interpret the conclusion in the context of the peah



P-Value Method using the Z-Distribution—HypothesisTest Regardingp with ¢ Known
Problem: A feed dealer buys 20% protein feed from a feedufacturer andesellsthe feed to
local ranchers. The feed dealer is interestedh@tking to make certain that the feed does not
average less than 20% protein. Carry out a hygathest of the relevant null hypothesis at the
5% significance level. Show all of your calculasoand justify your conclusion.

Step 1: Null and Alternative Hypotheses:

Ho: = 20% protein
Hi: p<20% protein

Step 2: Selecin = 0.05.

Left-Tailed Test

P-value=0.015

-2 164 o z

Step 3 Draw a random sample of n=10 bags of feed. {atie the test statisticpZand the P-
value. Assume we know the population standardadievi isc=0.19.

Protein content of
10 bags of feed (%)
X
19.60
1999 (x—u,) _ (1987-20) 013
20.15 — o/ — Ofr—£u) __~—\uUVlo
19.90 Zo o 019 0.060 2164
20.00
19.82 \/ﬁ \/E
19.85
20.04
19.79
19.60

X =1987

Step 4. Conclusion—Because the P-value = 0.015 is lemsdth0.05, reject Idat the 0.05
significance level. The mean protein level of fibed is significantly less than 20%.



Excel: Finding P-values for a Z-distribution.

Step 1: Selectnsert/Function (fx) from the Windows menubar. In tReinction Category,
select “Statistical.” In th&unction Name, select “NORMSDIST.”

Step2: Enter the test statisti€=| Z,| and clickOK. To obtain the P-value for a one-tailed test,
subtract the “Formula result” (at the bottom of Eection Arguments window shown below)
from 1.0 to find P(Z>%,|). The P-value for a two-tailed test is calculets 2P(Z>%,|).

E7 Microsoft Excel - Book1

@_] File Edit Miew | Insert gk Tools Data  Window Help

ARNEN NEWE ] I Al == 5 - S A RN

b @ Security... | f'ﬁr Bunction. .. HM\ -

Al - Blame ' From thelnsert menu
A B|  objert. | E | F selectFunction

¥
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Insert Function

Search For a Funckion:
N | __—1 Select a Category:

Type a brief description of what you want to do and then G P
click Go /L&j Statistical.
Or select a cateqory: | Statistical 4/ w |

Select a function:
HORMDIST _ Select a Function:
NORMDIST

MORMSINY
PEARSON
PERCEMTILE
PERCEMTR.AME
NORMSDIST(z)
Returns the standard normal curmulative distribution (has a mean of zero and
a standard deviation of one),

Help on this Function [ oK ][ Cancel ]

Function Arguments

Enter the Z value

MORMSDIST

zlies 4— [f=1sm

=0,967543225
Returns the standard normal cumulative diskribution (has a mean of zero and a standard
“deviation of one).

Get the result

2 is the walue for which vou wank the distribution.

S /

Help on this function L QK ] [ Cancel ]

1]

Formula result =




Confidence-Interval Method using the Z-Distribution—Hypothesis Test Regardings with
o Known

Assumptions
» The sample is obtained using simple random sampling
* The population, from which the sample is drawmasmally distributed or the sample
size, n, is “large” (n30).

Step 1: A claim is made regarding the population mganThe null and alternative hypotheses
can be structured in three ways:

Two-Tailed Left-Tailed Right-Tailed
Ho: M =Ho Ho: M= Ho Ho: M= Ho
Hii p# Ho Hii M < Mo Hi B> Ho

M<Ho O P>o
Step 2: Select devel of significance a, and calculate él-a)-100% confidence interval 6
known.

(1-0)-100% Confidence Interval: X + zty g
2 4/n

=

Step 3. Draw a conclusion:

» Compareu to the confidence interval bounds and state whethaot H, is rejected at
the specified.

Two-Tailed

If the confidence interval contains o, do not reject the null hypothesis.

* Interpret the conclusion in the context of the peoh
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Confidence-Interval Method using the Z-Distribution—Hypothesis Test Regardings with
o Known

Problem: A feed manufacturer produces and sells 20% prateiocal ranchers. The feed
manufacturer is interested in checking to deterrfitiee feed includes a mean of 20% protein.
Carry out a hypothesis test of the relevant nyfidiiiesis at the 5% significance level. Show all
of your calculations and justify your conclusion.

Step 1: Null and Alternative Hypotheses:

Ho: u = 20% protein
Hi:  p# 20% protein, i.ey < 20% protein op > 20% protein

Step 2: Selecin=0.05. Draw a random sample of n=10 bags of feeldcalculate a 95%
confidence interval. Assume we know the populasitamdard deviation 5=0.19.

Protein content of
10 bags of feed (%)
X
19.60 - g
19.95 Xz, U
20.15

1990 % Confi . 1987+ 196
20.00 95% Confidence Interval: \/f)

19.82
1085 1987+0.118

20.04 19.75210 19.988

19.79
19.60

x =1987

Step 3: Conclusion—Because the 95% confidence intervasdwt include the hypothesized
value of the mean, 20%, rejecs &t the 0.05 significance level. The mean pronel of the
feed is significantly different (less) than 20%.
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Classical Method using the t-Distribution—Hypothess Test Regardingu with ¢ Unknown

Assumptions
* The sample is obtained using simple random sampling
* The population, from which the sample is drawmasmally distributed or the sample
size, n, is “large” (n30).

Step 1: A claim is made regarding the population meanThe null and alternative hypotheses
can be structured in three ways:

Two-Tailed Left-Tailed Right-Tailed
Ho: M= Mo Ho: M= Mo Ho: M= Mo
Hii W # Ho Hi: b <o Hi: p> o

M<Ho O H>Ho

Step 2: Select devel of significance a, which is generally chosen to be 0.10, 0.05, 01 0.
The significance level is used to determinedhgcal value. Critical value is the t-value that
separates the rejection and nonrejection regioftserejection region (or critical region) is the
set of all values of the test statistic (definedtep 3) such that the null hypothesis is rejected.

Two-Tailed Left-Tailed Right-Tailed

%
‘r
\

gjection region rejection region| nonrejection region nonrejection region ‘re\e:tmn region

Step 3: Calculate theest statisticor calculated t-value

— X= Hy ’
S

which follows Student’s t-distribution with df=n-IThe test statistic (t) measures the number of

t

standard deviations that the sample meanis from the assumed population meag,
Step 4: Draw a conclusion:

» Compare the calculated t-value (or test statistidhe critical t-value and state whether
or not H is rejected at the specified

Two-Tailed Left-Tailed Right-Tailed
It t<-t, ort>t, If t < —t, reject If t>1t, reject
reject thenull hypothesis thenull hypothesis.  thenull hypothesis.

* Interpret the conclusion in the context of the peah
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Classical Method using the t-Distribution—Hypothess Test Regardingu with ¢ Unknown
Problem: A feed dealer buys 20% protein feed from a feadufacturer andesellsthe feed to
local ranchers. The feed dealer is interestedh@tking to make certain that the feed does not
average less than 20% protein. Carry out a hygathest of the relevant null hypothesis at the
5% significance level. Show all of your calculasoand justify your conclusion.

Step 1: Null and Alternative Hypotheses:

Ho: = 20% protein
Hi:  p<20% protein

Step 2: Selecto = 0.05 and find the critical value of t (df=9).

Left-Tailed Test

calculated t-value

critical t-value (dF9)
‘_;?f’/ Ja=0.05 /

Y ry
-2.304 -1.833 0 1
rejection region

Step 3 Draw a random sample of n=10 bags of feed. {atie the sample standard deviation,
S, and the test statistic,

Protein content of
10 bags of feed (%)
X
19.60
19.95 _
2015 { = (x- ,uo) _ @987-20) _ - 013 — 2304
19.90 S 0.178 0.056

20.00 \/ﬁ \/E

19.82
19.85

20.04 2

X —X
19.79 s= 1} Z( ! ) = /0'287 =0.178
19.60 n-1 10-1

x =1987

Step 4. Conclusion—Because the calculated t = -2.30dss than the critical t =-1.833 (and in
the rejection region), rejectytt the 0.05 significance level. The mean protewel of the feed
is significantly less than 20%.
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P-Value Method using the t-Distribution—HypothesisTest Regardingn with ¢ Unknown

Assumptions
* The sample is obtained using simple random sampling
* The population, from which the sample is drawmasmally distributed or the sample
size, n, is “large” (n30).

Step 1: A claim is made regarding the population meanThe null and alternative hypotheses
can be structured in three ways:

Two-Tailed Left-Tailed Right-Tailed
Ho: M= Mo Ho: M= Mo Ho: M= Mo
Hii W # Ho Hi: b <o Hi: p> o

M<Ho O H>Ho

Step 2: Select devel of significance a.

Xo~Hy
S

(explained on p. 412) or Excel (see backside af plaige).

Step 3: Calculate theest statistic t, = , and determine thie-value using Table III

P-valueis the probability of observing a test statisscextreme or more extreme than the one
observed under the assumption that the null hypathe TRUE (for a two-tailed test, extreme
includes both directions).

Two-Tailed Left-Tailed Right-Tailed

P.value=2P {t>[t)

-1t 0 |#o] t o 0 t a " t

Step 4: Draw a conclusion:

» Compare the calculated P-value to the significdeeel and state whether or nog i4
rejected at the specified

If P-value >a, do not reject bl ***Note that this decision rule applies to
If P-value <a, reject b one-tailed and two-tailed tests.

» Interpret the conclusion in the context of the peob
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Excel: Finding P-values for a t-distribution:

Step 1: Selectnsert/Function (fx) from the Windows menubar. In tReinction Category, select
“Statistical.” In theFunction Name, select “TDIST.”

Step2: Enter the test statistX = |t,|, Deg_freedom= n-1, andrlails equals 1 or 2, depending on

whether a one- or two-tailed test is used. Cliék. Read the P-value from the “Formula result” at
the bottom of thé&-unction Arguments window.

E3 Microsoft Excel - Book1

@_1 File Edit Wiew | Insert lgFormat  Tools Data  ‘'Window  Help
) o5 3 | ] 3ol

NI
P b @ Security... | §|ﬁ‘ Eunctian. .. qngL =

A1 - Marne 3
A B Object... | E | F

Ll
W

From Insert
menu select
Function

e (LD P —

Insert Function

Search for a function:

Type a brief description of what wou want to do and then Go -

dlick Go = Selt-:fct.a Cliategory:
Cr select a category: |Statistical <« “ | Statistica

Select a function:

Select a

STOEWPG ~ )
STEYY ﬁ - Function:
TDIST

TINY

TREMD

TRIMMEARN =
TTEST b
TDIST(x,deg_freedom,tails)

Returns the Student's t-distribution,

Help on this Function i l[ Cancel l

Function Arguments

TOIST

-

G Enter the X, Deg_freedom, and
. o Tails value

Tails | 1| gl=1

A

%|1.833

Deg_freedom ; a

i
I

il
Il

= 0,050005962
Returns the Student's t-distribution.

Tails specifies the nunmiber of distribukion tails bo return: one-tailed distribution
= 1; bwo-kailed distribution = 2, /‘ Get the reSU|t

Formula result = 0.050003969 4//

Help on this Furiction [ oK ] [ Zancel ]
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P-Value Method using the t-Distribution—HypothesisTest Regardingp with ¢ Unknown
Problem: A feed dealer buys 20% protein feed from a feadufacturer andesellsthe feed to
local ranchers. The feed dealer is interestedh@tking to make certain that the feed does not
average less than 20% protein. Carry out a hygathest of the relevant null hypothesis at the
5% significance level. Show all of your calculatscand justify your conclusion.

Step 1: Null and Alternative Hypotheses:

Ho:  pn=20% protein
Hi:  u<20% protein

Step 2: Selecto. = 0.05.

Step 3 Draw a random sample of n=10 bags of feed. {atie the sample standard deviation,
S. Calculate the test statistig,and the P-value.

Protein content of
10 bags of feed (%)

X —
7560 [ = (< #) _ 0987-20) -013_ .,
19.95 'S 0178 0.056
20.15 Jn J10
19.90
20.00
19.82 % —%)2
Lo.85 .o (6 =97 _ 0287 _ 14
20.04 n-1 10-1
19.79
19.60
X =1987

Using Table lll, the P-value is as follows: 0.0P<value < 0.025. Whetis unknown, exade-
values can be found only via technology (e.g., EReealue of 0.023 is shown below).

Function Arguments Selectinsert/Function (fx) from the
ToIST - — Windows menu. In thEunction
L -_-=2-3°“ Category, select “Statistical.” In the
Deg_free omig__ | _=_=9 . I ”
- = Function Name select “TDIST.
Rekires etk TR butns - e Enter the following information:
X = 2.304 (absolute value of the t4
Tails iniciiitzz_ttl?aﬁ;;rdl}ls{er:bzfticoli;tr:ib;tion tails to return: one-tailed distribution df stat|st|c fronstep 3
=9
Formula resulk = 0023346379 /

Tails = 1 (for area in one tail)

Help on this funckion [ K ][ Cancel ]

Step 4: Conclusion—Because the P-value = 0.023 is lemsdh0.05, reject kHat the 0.05
significance level. The mean protein level of filbed is significantly less than 20%.
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Junk below here:
Step 5: State the conclusion, with specific referencthtoquestion under consideration.

The critical value represents the maximum numbestaridard deviations the sample mean can
be fromyo before the null hypothesis is rejected.

Two-Tailed Left-Tailed Right-Tailed

e s _Z"‘,{ 2 Z"j»j If £ «—z_reject &=z reject
reject the null ypothesis  thesull lypothesis.  thenull hypothesis,

Two-Tailed

Left-Tailed Right-Tailed

P-value=2P(Z- |Z;])

P-value=P(Z<Z;) Pryalus=h2>7:)

The sum of the area in The area left of Zg is The area right of Zy
the tails i the P-value the P-value is the P-value

-4l 0 1Zq] z Ly 0

Z 1]

Right-Tailed

Zy Z

Two-Tailed Left-Tailed

P.value=2P t>[to))

P-value=P(t<ty) Pvalue=P(t>t;)

The area right of tg
is_the P-value

The sum of the area in The area left oftg is
the tails is the P-value the P-valye.

-1t 1] 4 t to il a fo t

The feed dealer is interested in checking to detexnfi the feed includes an average of 20% (or
higher) protein.
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